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Abstract-Following the seminal work of Zadeh on the definition of a convex fuzzy subset, three 
new kinds of definitions of convex fuzzy subsets are proposed. First, by the use of the relations 
between fuzzy points and fuzzy sets, the definition of a (a, &)-convex fuzzy subset is introduced. The 
acceptable nontrivial concepts obtained in this manner are the (E, E Vq)-convex fuzzy subset and 
(E, G V q)-convex fuzzy subset. Second, by the use of the implication operators of fuzzy logic, an 
R-convex fuzzy subset is proposed. Relations between the (fi, -)- a convex fuzzy subset and R-convex 
fuzzy subset are discussed. Finally, based on the concept of falling shadow, a theoretical approach of 
convex fuzzy subset is established and the convex fuzzy subset based on t-norm is proposed. @ 2004 
Elsevier Ltd. All rights reserved. 
Keywords-convex fuzzy subset, Fuzzy point, Implication operator, R-convex fuzzy subset, 
(X, p]-convex fuzzy subset, T-convex fuzzy subset. 
1. INTRODUCTION 
The concept of convex fuzzy sets was first introduced by Zadeh [l]. Some properties were subse- 
quently studied by Brown [2], Liu [3], and Yang [4,5]. 
Let E be a linear space over R. A fuzzy subset A of E is said to be a convex fuzzy subset iff 
foralls,yEEandaE[O,l], 
A(az + (1 - a)y) 1 A(z) A A(y). (1) 
Condition (1) is equivalent to the following condition (2). For any two fuzzy points xx, yP and 
a E [O, 11, 
xx,y,~A=~xx+(l-a)y,~A. (2) 
It is well known that a subset A of E is said to be a convex set iff for all x, y E E and a E [0, 11, 
x,y~A==+ax+(1-a)y~A. (3) 
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Condition (2) is a generalization of condition (3) for the fuzzy case. Therefore, Zadeh’s convex 
fuzzy subset is a generalization of the classic convex subset. 
A fuzzy point xx and a fuzzy set A have the following relations [6,7]: 
(i) xx E A (iff A(x) > X); 
(ii) xxqA (iff X + A(x) > 1); 
(iii) xx E Aq (iff xx and xxqA); 
(iv) XX E VqA (iff xx E A or xxqA); 
(v) xx&A iff xxctA does not hold for all cr E {E, q, E Aq, E Vu}. 
It is obvious that condition (3) is equivalent to condition (4). For all z, y E E, if there exists 
a E [O,ll, 
ax + (1 - a)yCA ===+ xCA, or yCA. (4) 
We generalize condition (4) for the fuzzy case. We have for all fuzzy points, xx, ycl, if there exists 
a 6 [O, 11, 
axx + (1 - a)yPCA ==+ xxCA, or y,EA. (5) 
Let cr, p E {E, q, E Aq, E Aq}. As a generalization of condition (5), we have for all fuzzy 
points XX, yH, if there exists a E [0, 11, 
uxx + (1 - u)y,PA ===+ xx~A, or y,6A. (6) 
If a fuzzy subset A of E satisfies condition (6), then A is called a (fl, &)-convex fuzzy subset. 
In Sections 3 and 4, it was found that the acceptable nontrivial concepts obtained in this manner 
- - 
are the (E, E Vq)-convex fuzzy subset and (E, E V q)- convex fuzzy subset. As a generalization 
of the concepts of Zadeh’s convex fuzzy subset, (E, E Vq)-convex fuzzy subset, (c, G V q)-convex 
fuzzy subset, and (X, p]-convex fuzzy subset were obtained. 
From logic, A is a convex subset of E iff for all x, y E E and a E [0, 11, 
W(x) A A(Y), A(ax + Cl- a)~)) = 1, (7) 
where A is a subset of E and R is an implication operator of classical logic, and 
A(x) = 
{ 
1, x E A, 
0, xCA, 
R(u) = 
1, a = 0, or b = 1, 
0, a = 1, and b = 0. 
By the use of implication operators R of fuzzy logic and the concepts of X-tautology in fuzzy 
logic [8], we can generalize (7) for the fuzzy case as follows. A fuzzy subset A of E is called an 
R-convex fuzzy subset if for all x, y E E and a E [0, 11, 
RCA(x) A A(Y), A(ax + (1 - a)~)) 2 A. (8) 
In Section 5, relations between the R-convex fuzzy subset and @,a)-convex fuzzy subset are 
discussed. 
The above definitions are intuitive generalizations of the classic convex and these generalizations 
have no theoretical foundation. In Section 6, a theoretical basis is established by defining the 
convex fuzzy subset based on the theory of a falling shadow, which was first formulated by 
Wang [9,10]. This approach has been applied to the study of the fuzzy algebra [ll]. The main 
characteristic of this approach is that a convex fuzzy subset is considered as the falling shadow 
of “cloud of convex subset”. In this way, T-convex fuzzy subset based on the theory of falling 
shadow and t-norm are obtained. 
2. PRELIMINARY 
2.1. Basic Concept 
DEFINITION 2.1. (See [I].) Let X be a set. A mapping A : X + [0, l] is called a fuzzy subset 
OfX. 
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DEFINITION 2.2. (See /7j.) A fuzzy subset A of X of the form 
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A(Y) = 
{ 
A(# 01, Y = 2, 
o 
7 Y # $7 
is called a fuzzy point with support x and value X, and is denoted as xx. 
PROPOSITION 2.1. A is a Zadeh’s convex fuzzy subset of E iff 
Ax = {z E E 1 A(x) > X} 
is a convex subset of E for any X E [0, l] (where the empty set 8 is seen as a convex subset). 
2.2. Special Implication Operators on [0, l] [8,12] 
(1) Zadeh implication operator 
Rz(a, b) = (1 - a) v (a A b). 
(2) Lukasiewicz implication operator 
RL(J(U, b) = (1 - a + b) A 1. 
(3) Mamdani implication operator 
Rw(a, b) = a A b. 
(4) Gaines-Rescher implication operator 
&R(% b) = 
1, alb, 
0, a $ b. 
(5) GSdel implication operator 
&(%b) = 
1, a<4 
b, a -& 6. 
(6) Goguen implication operator 
1, a = 0, 
&~(a, b) = b 
a’ 
a # 0. 
(7) Kleene-Dienes implication operator 
RKo(cL,b)=(l-a)Vb. 
(8) R, implication operator 
%(a, b) = 
1, a L b, 
(1 - a) v b, a $ b. 
(9) ii implication operator 
&a, b) = 
1, a I b, 
1 - a, a $ b. 
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2.3. Theory of Falling Shadow 
In the study.of unified treatment of uncektainty modelled by means of combining probability 
and fuzzy set thedry, Goodman [13] pointed out the equivalence between a fuzzy set and a class 
of random sets. At about the same time, Wang and Sanchez [lo] introduced. the theory of falling 
shadow, which directly relates probability concepts with the membership function of fuzzy sets. 
A statistical experiment was carried out to determine the membership function of the fuzzy 
concept “young” by three distinct groups of students. The resulting membership functions of 
“young” were almost identical for the three groups. This result signifies that the stability of.the 
membership function of fuzzy concepts does exist in the theory of fuzzy sets. The mathematical 
structure of the theory of falling shadow [9] is thus formulated. The following is a brief summary 
of this theory. 
Given a universe of discourse X, let P(X) denote the power set of X. For each 5 E X, let 
k={Alz~A, andACX}. 
For each A E P(X), let 
/i = (5 1 x E A}. 
An ordered pair (P(X), B) is said to be a hypermeasurable on X if it is a a-field in P(X) and 
x c t3. 
Given a probability space (0, A, P) and the hypermeasurable structure (P(X),B) on X, a 
random set on X is defined to be a mapping [ : n + P(X), that is A - 23 measurable, that is, 
VCEB, [-l(C) = {w 1 w E R, and E(w) E C} E A. 
Suppose that 5 is a random set on X. Let 
A(x) = P({w I x E t(w))), 
for each x E X. Fuzzy set A is called a falling shadow of the random set < and < is called a cloud 
on A. 
For example, (52, A, P) = ([0, 11, A, m.), where A is a Bore1 field on [0, l] and m the usual 
Lebesgue measure. Let A be a fuzzy subset on X and Ax = {Z E X 1 A(z) 2 X} be a X-cut of A. 
Then, 
c$ : [0, l] i P(Z), X + Ax, 
is a random set and < is a cloud of A. We shall call 6 defined above as the cut-cloud of A [9]. 
3. (6, fi)-CONVEX FUZZY SUBSETS 
DEFINITION 3.1. Let A be a fuzzy subset of E. If there exists a E [0, l] such that 
axx + (1 - a)yxPA =+ xx6A, or y,&A, 
then A is called a (p, 6)-convex fuzzy subset of E, where (Y, /3 E {E, q, E Aq, E Vq}. 
DEFINITION 3.2. Let A be a fuzzy subset of E. If for any ZX, yfi and a E [o, 11, 
xxcrA and Y,~A * axx + (1 - a)y,PA, (9) 
then A is called a (a, p)-convex fuzzy subset of E. 
Clearly, Definitions 3.1 and 3.2 are equivalent. 
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THEOREM 3.1. Let A be a (p, G)-convex fuzzy subset (cy #E Aq), then 
AQ = {X 1 z E E and A(z) > 0) 
is a convex subset of E. 
PROOF. If Ao = 8, we consider 8 as a convex subset of E. If A,J # 0, let 2, y E AQ, then A(z) > 0, 
4~) > 0. 
By contradiction, suppose that there exists a E [0, l] such that A(m + (1 - a)~) = 0, then for 
any P 6 {E,q, E “4, El7 uxA(,) + (1 - u)YA(v) = (ux + (1 - ~)Y)A(,)~A(,$% then x~(~)fiA or 
YA(~)&A. When or =E or E Vq, zA(~)cxA, YA(~)QA. 
When (Y = q, azl + (1 - a)ylpA, but Z~LYA, ylcrA. This is a contradiction. Therefore, Aa is a 
convex subset of E. I 
THEOREM 3.2. Let A be a (p, h)-convex fuzzy subset of E, where ,8,d = 
6) (ET@; 
(ii) (E, C A Q); 
(iii) (E V Q, ij); 
(iv) (E V Q, C A tj); 
(v) (a E); 
(vi) (Q, C A 3; 
(vii) (E V q, E), 
then, A(z) = 1 for any IL: E Ao. 
PROOF. Let AQ = {X E E 1 A(i) > 0). If there exists 2 E AQ such that A(s) < 1. 
(I) Let A, P E IO, 11 such that A(Z) V (1 - A(z)) < x < ,u, a = l/2, then ZAGA, z,CA, zxqA, 
xfiqA, and azx + (1 - a)~, = zAGA, when 
(P,&) = (E,q),(~,EA~)),(EVQ,~)), and (EVtj,CAq), 
CLX~ + (1 - u)z,PA, but xx&A and XJKA do not hold. This is a contradiction. 
(II) Let X,p E [0, l] such that X < /I < (1 - A(z)) A A(x), then xx E A, x,, E A and xxqA, 
x,qA. Let a = l/2, then uzx + (1 - u)~, = XX~A. Then, when 
(PI a) = (B, E), (g, c A Q), and (C v q, C), UXA + (I- u)x,~A, 
but xx&A and x,&A do not hold. This is a contradiction. I 
THEOREM 3.3. 
(i) A is a (C, C)-convex fuzzy subset iff A is a Zadeh’s convex fuzzy subset if7 A is a (E, E)- 
convex fuzzy subset . 
(ii) If A0 # 0 and A is a (Q, Q)- convex fuzzy subset of E, then A is constant on Aa. 
(iii) A is a (E A Q, E)-convex fuzzy subset iff A is a (E, E Vq)-convex fuzzy subset. 
(iv) A is a (E A Q, $-convex subset of E such that A is not constant on AQ, then A(x) 2 0.5 
for all x E AQ. 
(v) If A is a (E A Q, C A $-convex fuzzy subset of E, then A is a (C A Q, E)-convex fuzzy subset. 
PROOF. 
(i) Is clear. 
(ii) Suppose that there exists x, y E AQ such that A(x) # A(y). Without loss of generality, 
we let A(x) < A(y). Th en, there exist X, /.J E [0, l] such that 
1 - A(y) < X < 1 - A(x) < p, 
106 X.-H. YUAN AND E. S.LEE 
then ZX~A, yxqA, xpqA. Let a = 1, then UZ~ + (1 - a)yx = (a~ + (1 - a)y)xhP = XA~A, 
but xpqA and yxqA. This is a contradiction. 
(iii) Is clear. 
(iv) First, there exists an element z E AQ such that A(i) < 0.5. 
In fact, suppose that A(x) < 0.5 for any x E AQ. Since A is not constant on AQ, 
so there exist x,y E AQ, such that A(x) # A(y). Without loss of generality, we let 
A(x) < A(y) < 0.5. Then, there exist X,p E [O,l] such that 
p > 1 - A(x) > X > 1 - A(y) > A(y) > A(z). 
Then, xpqA, yxqA, xxCA, and x~,qA. Let a = 1, then ax,+(l-a)yx = (ux+(l-u)y)~A~ = 
XJ,C A qA, it follows that x,qA or y~,qA. This is a contradiction. Therefore, there exists 
x E AQ such that A(x) 2 0.5. 
Second, suppose that there exists y E AQ such that A(y) < 0.5, then there exist X,p E 
[0, l] such that 
p > 1 - A(y) > X > A(y) v (1 - A(x)). 
Then, y,qA, xxqA, and yxC A qA. Let a = 1, then uy, + (1 - u)xx = yxC A qA, it follows 
that y,qA or XAQA. This is a contradiction. Therefore, A(x) > 0.5 for any x E AQ. 
(v) Is clear. I 
THEOREM 3.4. 
(i) A is a (E, E Vq)-convex fuzzy subset of E Xfor any z,y E E and a E [O,l], 
A(ux + (1 - u)y) 2 min{A(x), A(y), 0.5). 
(ii) A is a (E, E Vq)- convex fuzzy subset of E iff for any X E (0,0.5], 
Ax = {x E E 1 A(z) 2 X} 
is a convex subset of E. 
(10) 
(11) 
PROOF. 
(9 Lc===s". Let X = min{A(x),A(y),0.5}, then X < 0.5 and xx E A, ye E A, then uxx + 
(1 - u)yx E VqA for any a E [O,l]. Then, if X < 0.5 and uxx + (1 - u)yx E A, then 
A(ux + (1 - u)y) > X = min{A(x),A(y),0.5}. If X < 0.5 and ux~ + (1 - u)yxqA, then 
A(uz + (1 - u)y) > 1 - X > 0.5 2 min{A(z),A(y),0.5}. If X = 0.5, then xs5 E A, 
ye.5 E A, then ~20.5 + (1 - u)yc.s E VqA for any a E [O,l]. Then, A(ux + (1 - u)y) 2 0.5 
or A(ux + (1 - u)y) > 1 - 0.5. Then, A(uz + (1 - u)y) 1 0.5 = min{A(x), A(y), 0.5). 
“+===“. Let xx E A, yP E A. Suppose that there exists a E [0, l] such that uzx + (1 - 
u)y,E A GA, then 
A(uz+(l-u)y) <XAp, and A(ux + (1 - u)y) 5 1 - X A p. 
It follows that A(ux+(l -u)y) < 0.5 and consequently 0.5 > A(ax+(l-u)y) 1 min{A(s), 
A(y), 0.5) = min{A(x), A(y)} > X A CL, then uxx + (1 - u)y, E A. This is a contradiction 
with UXJ, + (1 - u)y,CA. Therefore, A is a (E, E Vq)-convex fuzzy subset of E. 
(ii) Is clear. I 
THEOREM 3.5. 
(i) A is a (C, C V q)-convex fuzzy subset iff for any Z, y E E and a E [O, 11, 
A(ux + (1 - u)y) V 0.5 2 min{A(x), A(y)}. 
(ii) A is a (E, C V $-convex fuzzy subset iff for any X E (0.5,1], 
Ax = {x E E 1 A(x) L X} 
is a convex subset of E. 
(12) 
(13) 
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PROOF. 
(4 “==+“. Suppose that there exist z, y E E and a E [0, l] such that A(az + (1 - a)y) V 0.5 < 
X = min{A(z),A(y)}, then CKCX + (1 - a)y~,FiA, X > 0.5, XX E A, and y,!, E A. It follows 
that zx~A or yx~A. Then, (X 5 A(z) and X + A(z) 5 1) or (X 5 A(y), X + A(y) 5 1). It 
follows that X 5 0.5. This is a contradiction with X > 0.5. So, A(uz + (1 - u)y) V 0.5 > 
min{A(s), A(y)} for any 5, y E E and a E [O,l]. 
I‘-+==“. Let a E [0, l] and z,y E E such that usx+(l -u)y,EA, then A(ux+(l -u)y) < 
X A CL. Then we haave the following. 
(I) If A(uz+(l-u)y) 2 A(z)l\A(y), then A(z)nA(y) < XA~ and consequently A(z) < X 
or A(y) < p. It follows that zxCA or yxCA and consequently XXC V qA or yxC V QA. 
(II) If A(uz + (1 - a)y) < A(z) A A(y), then we have 0.5 > A(x) A A(y) from A(az + 
(1 - u)y) V 0.5 2 min{A(x), A(y)}. Let xx E A and yIL E A, then X 5 A(z) < 0.5 or 
p < A(y) 5 0.5, it follows that XX~A or ypqA and consequently XXC VqA or yCLE VGA. 
So, A is a (E, E V Q)-convex fuzzy subset of E. 
(ii) Is clear. I 
THEOREM 3.6. A is a (Fi A Q, C V q)-convex fuzzy subset of E ifffor any x, y E E and a E [0, 11, 
A(uz + (1 - a)y) 2 min{A(x), A(y), 0.5) 
A(uz + (1 - u)y)v 2 0.5 2 A(x) A A(y). 
PROOF. “ti”. If A(ux+(l -a)~) < min{A(z),A(y),0.5}, then A(ax+(l -a)~) < A(x)r\A(y) 
and A(UX + (1 - u)y) < 0.5, then ~20.5 + (1 - u)yo,5E A qA, then xo,sC v qA or yo,sc v GA. It 
follows that A(x) A A(y) 5 0.5 and consequently A(ux + (1 - u)y) V 0.5 > A(z) A A(y). 
“G==“. Let uxx+(l-u)y,EAQA, then A(ux+(I-a)y) < XAp and A(az+(l-a)y)+X~p 5 1. 
It follows that A(as + (1 - u)y) < 0.5. From A(aa: + (1 - a)y) > min{A(x),A(y),O.5} or 
A(m + (1 - u)y) V 0.5 2 A(x) A A(y), we have 
A(uz + (1 - a)~) 2 A(z) A A(Y) 
or 
A(ux + (1 - u)y) < A(x) A A(y) 5 0.5. 
(I) If A(us + (1 - u)y) > A(x) A A(y), then X A /J > A(s) A A(y), then zxGA or ypEA. It 
follows that XXC V GA or yfiE V nA. 
(II) If A(az + (1 - u)y) < A(x) A A(y) 2 0.5, then when x~CA or y,CA, we have XX? V 4A or 
ypE V tjA, and when 5~ E A or yp E A, we have X 5 A(x) 2 0.5 or p 5 A(z) < 0.5, then 
XX~A or y,tjA and consequently XXC v qA or yfiE v qA. I 
THEOREM 3.7. 
(i) 
- - 
If A is a (C V Q, C V Q)-convex fuzzy subsets of E, then A is a (E, E V $-convex fuzzy subset 
ofE. 
(ii) If A is a (Q, C V q)-convex fuzzy subset of E, then A is a (E V Q, C V Q)-convex fuzzy subset 
ofE. 
REMARK. In the above discussions, acceptable concepts are Zadeh’s convex fuzzy subset, (E. E 
- - 
Vq)-convex fuzzy subset, and (E, E V q)-convex fuzzy subset. 
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4. (A, p]-CONVEX FUZZY SUBSET 
It is well known that a fuzzy subset A of E is a Zadeh’s convex fuzzy subset iff AJ, = {CT E 
E ] A(z) > X} is a convex subset of E for all X E (O,l]. From Theorem 3.4, we have that A is 
a (E, E vq)-convex fuzzy subset of E iff Ax is a convex subset of E for any X E (0,0.5]. From 
- - 
Theorem 3.5, we have that A is a (E, E V $-convex fuzzy subset of E iff Ax is a convex fuzzy 
subset of E for any X E (0.5,1]. 
Let A be a fuzzy subset of E, then A may satisfy the following condition: Ax is a convex subset 
of E for some X E (0, 11, but Ax is not a convex subset of E for the other X E (0, 11. 
Let 
IA = {X 1 X E (O,l], and Ax is a convex subset of E}. (14) 
When IA = (O,l], A is a Zadeh’s convex fuzzy subset of E. 
When IA = (0,0.5], A is a (E, E Vq)-convex fuzzy subset of E. 
When IA = (0.5,1], A is a (E, E V $-convex fuzzy subset of E. 
A natural question is ‘whether A is a kind of convex fuzzy subset or not when IA # 8. (For 
example, IA = (0.2,0.8], or IA = (0.4,0.9], . . . .)‘? 
Now, based on the discussion as above, we have the following. 
DEFINITION 4.1. Let X, p E (0, l] and X < p and let A be a fuzzy subset of E. A is called a 
(X, p]-convex fuzzy subset of E if for any IC, y E E and a E [0, 11, 
A(m + (1 - a)y) V X L min{A(s), A(y), p}. (15) 
REMARK. 
(1) By Definition 4.1, we have the following: A is a (0, l]-convex fuzzy subset of E iff A is a 
Zadeh’s convex fuzzy subset; A is a (0,0.5]-convex fuzzy subset of E iff A is a (E, E vq)- 
- - 
convex fuzzy subset of E; and A is a (0.5,1]-convex fuzzy subset iff A is a (E, E Vq)-convex 
fuzzy subset of E. 
(2) By Definition 4.1, one can define some other convex fuzzy subsets of E, such as (0.3,0.8]- 
convex fuzzy subset of E, (0.4,0.7]-convex fuzzy subset, etc. 
THEOREM 4.1. A is a (X, p]-convex fuzzy subset of E iff 
At = {CC E E 1 A(s) 2 t} (16) 
is a convex subset of E for any t E (X, ,LL]. 
PROOF. Let A be a (X,p]-convex fuzzy subset of E and t E (X,p]. Let 2, y E At, and a E [0, 11, 
then 
A(az + (1 - a)y) V X 1 min{A(z), A(y), p} 2 t > X. 
It follows that A(az + (1 - u)y) 2 t and consequently az + (1 - u)y E At. So, At is a convex 
subset of E. 
Conversely, let At be a convex subset of E for any t E (X,p]. If there exist z,y E E and 
a E [0, l] such that 
A(aa: + (1 - u)y) v X < t = min{A(z), A(y), p}, 
then t E (X,/J] and 2 E At, y E At, A(ua: + (1 - u)y) < t. 
Since At is a convex fuzzy subset of E, so ax + (1 - u)y E At and consequently A(m + (1 - 
u)y) 1 t. This is a contradiction with A(m + (1 - u)y) < t. Therefore, 
A(ax + (1 - a)~) v A 1 min{A(x), A(y),p}, 
foranyx,yEEanduE[O,l]. I 
Definition of Convex Fuzzy Subset 109 
EXAMPLE 4.1. E= R 
I 0.9, 1  if x 1.9 = < 2,3, x 5 3.1 and x # 2,3, 
A(x) = 
x - 1, if 1.3 < x 5 1.9, 
4-x, if3.1<z<3.7, I 0.3, , if 3.7 4 < < x x < 5 5. 4 or x < 1.3 or x 2 5, 
Then, E, ift=O, 
A (-00,4] U [5, +cm), if 0 < t 50.3, t = I [1+&4-t], if 0.3 < t I 0.9, [2,31, if 0.9 < t 5 1. 
Then, IA = (0.3,0.9]. So, A is a (0.3,0.9]- convex fuzzy subset of E. However, A is not a Zadeh’s 
- - 
convex fuzzy subset, (E, E Vq)-convex fuzzy subset, and (E, E V $-convex fuzzy subset. 
5. R-CONVEX FUZZY SUBSET 
DEFINITION 5.1. Let R be an implication operator over [0, l] and A be a fuzzy subset of E, 
X E [0, l]. If for any z, y E E and a E [0, 11, 
R(A(x) A A(Y), A(aa: + (1 - a)~)) 2 A, (17) 
then A is called an R-convex fuzzy subset of E. 
PROPOSITI,ON 5.1. Let R be an implication operator over [0, l] and R satisfy the D-P condi- 
tion (121 
R(a, b) = 1 w a < b. 
Then, A is an R-convex fuzzy subset of E iff A is a Zadeh’s convex fuzzy subset of E. 
PROPOSITION 5.2. Let the implication operator R satisfy D-P condition [12] 
a 5 u* ==+ R(a,b) 1 R(a*,b). 
Then, An B is an R-convex fuzzy subset of E provided that A and B are R-convex fuzzy subsets 
ofE. 
PROPOSITION 5.3. Let the implication operator R over [0, l] satisfy D-P condition [12j: 
(1) a 5 a* * R(u, b) > R(u*, b); 
(2) b 5 b* ===+ R(a, b) < R(u, b”); 
(3) R(x, y) is a continuous function of x, y. 
Let f : El -+ Ez be a linear mapping, then A is an R-convex fuzzy subset of El 3 f(A) is an 
R-convex fuzzy subset of Ez. 
PROOF. Let zl,zg E E2, then from f(A)(z) = sup{A(z) ( f(x) = z}, we have V/E > 0, 36 > 0 
and 3x1,~~ E El, f(x1) = ZI, f(x2) = z2 and A(xl) > f(A)(zl) - 6, A(x2) > f(A)(z2) - 6. 
Then, 
R(f(A)(a) A f(A)(zd,f(A)(m + (1 - a)zz)) 1 Wh),AW)r . 
f(A)(azl + (1 - ~122) - E 2 Wh) A 4x2),4 ax1 + (1 - u)x2)) - E 2 X - E. it follows that 
R(f(A)(a) ~f(A)(zz),.f(A)(w + (1 -a)z2)) 2 A. I 
Now, let X = 0.5 and R be a special implication operator, then we have the following. 
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THEOREM 5.1. 
(1) A is an &n-convex fuzzy subset of E u A is a Zadeh’s convex fuzzy subset of E. 
(2) A is an &R-Convex fuzzy subset of E _ for any 2, y E E and a E [O,l], A(m + (1 - 
a)~) 2 W&) A A(Y)). 
(3) A is an RLu-convex fuzzy subset of E w A(az + (1 - a)y) 2 A(z) A A(y), or 0 < 
A(z) A A(y) - A(m + (1 - a)y) I l/2 for any z,y E E and a E [0, 11. 
(4) A is an RM-convex fuzzy subset of E u A(x) 2 l/2 for any x E E. 
(5) A is an &-Convex fuzzy subset of E M A(ax + (1 - a)y) 1 A(x) A A(y) A 0.5 for any 
x,yEEandaE[O,l]. 
(6) A is an R-convex fuzzy subset of E w A(ax + (1 - a)y) V 0.5 1 A(x) A A(y) for any 
x,y E E and a E [O,l]. 
(7) A is an RKD (respectively, Rz or Re)-convexfuzzysubset ofE M A(ax+(l-a)y)~0.5 2 
A(x) A A(y), or A(ax + (1 - a)y) 2 A(x) A A(y) A 0.5 for any x, y E E and a E [0, 11. 
The proof is clear. 
THEOREM 5.2. 
(1) A is an Rz (respectively, RKD or R,-,)-convex fuzzy subset of E _ A is a (E A Q, Z V Q)- 
convex fuzzy subset of E. 
(2) A is an RG-convex fuzzy subset of E w A is a (E, E Vq)-convex fuzzy subset of E. 
(3) A is an R-convex fuzzy subset of E M A is a (C, ii V q)-convex fuzzy subset of E. 
6. CONVEX FUZZY SUBSET BASED ON 
THE THEORY OF FALLING SHADOW 
DEFINITION 6.1. Let (0, A, P) be a probability space and 
be a random set. If t(w) is a convex subset of E for any w E Ci, then the faJling shadow A of the 
random set .$ i.e., 
4x) = J’({w I x E E(w))), (18) 
is called an FS-convex fuzzy subset of E. 
If 0 E e(w) for any w E R, then A is called a regular FS-convex fuzzy subset of E. 
THEOREM 6.1. If A is a Zadeh’s convex fuzzy subset of E, then A is also an FS-convex fuzzy 
subset of E. 
PROOF. Let (St, A, P) = ([0, 11, A, m), where A is a Bore1 field on [0, l] and m is the usual 
Lebesgue measure. Let 
( : [0, l] + 7’(E), X -+ Ax. 
Then, A(x) = P({X 1 x E Ax}). S ince A is Zadeh’s convex fuzzy subset, so Ax is a convex subset 
of E and consequently A is an FS-convex fuzzy subset. I 
The converse of Theorem 6.1 is not true. 
EXAMPLE 6.1. Let (0, A, P) = ([0, 11, A, m), E = R, 
04 1 [ 07; 1 , ifO<Xji, = 
1 -7 3 2 2 1 , ifi,<X<l. 
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Then, t(X) is a convex subset of E for any X E [0, l] and consequently A(z) = P({X ( x E Ax}) 
is an FE&convex fuzzy subset and 
‘0, ifx<O, 
1 
-, 
3 
ifO<x<i, 
A(z) = ( 0, 
if-<x<2, 
; 3 
2 
-, 
3 
if i 5 II: 5 2, 
,O, ifz>2, 
when x = 3/4, y = 312, a = l/2, A(as + (1 - a)y) < min{A(z),A(y)}. So, A is not a Zadeh’s 
convex fuzzy subset. 
THEOREM 6.2. Let A be an FS-convex fuzzy subset of E, then for any x, y E E and a E [O,l]; 
A(az + (1 - a)y) L max{A(z) + A(y) - l,O}. (19) 
PROOF. By {w / a2 + (1 - a)y E e(w)} > {w 1 z E c(w)} f~ {w / y E c(w)}, we have A(az + 
(1 - u)y) = P({w I ax + (1 - a)Y E t(w))) L P({w I x E E(w)) n {w I Y E t(w))) = P({W I X E 
C(w))) + P({w I Y E t(w)l) - P({w I 5 E E(w))) or 
Y E E(w) > A(x) + A(Y) - 1. 
Then, A(az + (1 - a)y) 2 max{A(z) + A(y) - 1,O). 
Since &(a, b) = max{a + b - l,O} is a t-norm on [0, 11, so we have the following definition 
DEFINITION 6.2. Let T be a t-norm and A be a fuzzy subset of E. If for any x, y E E and 
a E lo, 11, 
A(ax + (1 - a)~) 2 T(A(x), A(Y)), (20) 
then A is called a T-convex fuzzy subset of E. 
Let T,(a, b) = min{a, b} for any a, b E [O,l]. Then, T,,-convex fuzzy subset is an FS-convex 
fuzzy subset, and an FS-convex fuzzy subset is a T,-convex fuzzy subset. 
EXAMPLE 6.2. Let H be a fixed convex subset of E and 0 E H. Let (R, A, P) be a probability 
space and 
F(!CI, E) = {f ) f : R + E is a mapping}. 
For f, g E F(R, E), let 
(f + g)(w) = f(w) + g(w); (d)(w) = d(w), VWER, VaER. 
Let F(IR, E) be a linear space. For any f E F(R, E), let 
Ef={~I~~f12,f(w)~H}~A, E : fl--) ?W, El), 
w --+ t(w) = {f I f E F(il, E), and f(w) E H} 5 E,. 
Then, t(w) is a convex subset of F(!2, E) and 
B(f) = P({w I f E E(w))) = P(J%) 
is an FS-convex fuzzy subset. By Et n Eg G Eaf+(l-a)gr B is a T,-convex fuzzy subset of 
W2, E). 
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DEFINITION 6.3. An FS-convex fuzzy subset B obtained in the manner of Example 6.2 is called 
an FS-convex fuzzy subset generated by H., 
DEFINITION 6.4. .Let A and B be convex fuzzy subsets of Linear spaces X and Y, respectively. 
If the linear isomorphism f : X -+ Y satisfies A(z) = B(f(z)) for any 2 E X, then A and B sre 
said to be isomorphic. 
THEOREM 6.3. Every regular ES-convex fuzzy subset A of E is isomorphic to an FS-convex fuzzy 
subset B generated by a convex subset H of some linear space X. 
PROOF. Let A be a regular FS-convex fuzzy subset of E, i.e., (R, A, P) be a probabil,ity space, 
6: R ---) P(E) b e a random set, E(w) be a convex subset of E, and A(Z) = P({w 1 z E t(w)}). 
Let E, = E, X = flUEn E,, and H = flUEn E(w). Then, X is a linear space and H is a 
convex subset of X. 
For z E E, let 
fz : cl -+ x, w --+ f:, 
where 
fi”b.4 = { 
0, ifw’#w, 
2, ifw’=w, 
then 
fz + fy = fz+y, 
Hence, F(X) is a linear space over R. Let 
afz = faz. 
Cp : E -+ F(X), x --+ fz, 
then @ is an isomorphism. Let 
rl: Q -+ P(F(X)), 
w --+ v(w) = {fz I f&J E H). 
Then, q(w) is a convex subset of F(X) f or any w E R and {w 1 fz E Q(W)} = {w 1 f=(w) & H} = 
{w I x E E(w)) E A. 
It follows that q is a random set on F(X) and 
W@(x)) = B(fz) = P({w I fz E v(w))) =P({w Ix E t(w))) = A(x). 
Hence, B is an FS-convex fuzzy subset of F(X) generated by H, and A is isomorphic to B. 
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